The use of side payments in the classical 1 theory of ^-person games involves three restrictive assumptions. First, there must be a common medium of exchange (such as money) in which the side payments may be effected; next, the side payments must be physically and legally feasible; and finally, it is assumed that utility is "unrestrictedly transferable," i.e. that each player's utility for money 2 is a linear function of the amount of money. 3 These assumptions severely limit the applicability of the classical theory; in particular, the last assumption has been characterized by Luce and Raiffa [2, p. 233] as being "exceedingly restrictive-for many purposes it renders nperson theory next to useless." It is the purpose of this paper to present the outline of a theory that parallels the classical theory, but makes no use of side payments.* Our definitions are related to those given in [2, p. 234] and in [3] , but whereas the previous work went no further than proposing definitions, the theory outlined here contains results which generalize a considerable portion of the classical theory. It thus demonstrates that the restrictive side payment assumption is not necessary for the development of a theory based on the ideas of von Neumann and Morgenstern. Only a general description of the theory and statements of the more important theorems will be included here; details and proofs will be published elsewhere. 1 We will use the word "classical" to denote the von Neumann-Morgenstern theory as described in [l] and in [4] , 2 Or any other medium of exchange. 3 See [2, p. 168] . It can be proved that when w^3, linearity of the utilities in money is necessary and sufficient for the existence of an unrestrictedly transferable utility. 4 In particular, our theory is of course also applicable to the case in which side payments are permitted. When, in addition, utility is unrestrictedly transferable, then our theory reduces to the classical theory.
1. Effectiveness. Let us fix attention on a given finite w-person game, and let N denote the set of players. Let E N denote an w-dimensional euclidean space, and let us index the coordinates of points in E N by the members of N. 
or B, such that for each strategy used by N-B, each member i of B receives at least x%.
(
ii) A coalition B is said to be ^-effective for the payoff vector x, if for each strategy used by N-B, there is a strategy for B such that each member i of B receives at least X{.
Roughly, a-effectiveness means that B can assure itself of its portion of x independently of the actions of N-B, whereas /3-effectiveness means that N-B cannot prevent B from obtaining its (B's) portion of x. In the classical theory the two notions are equivalent, but this is not the case when side payments are forbidden. Which of the two definitions is preferable is a matter of taste; both have appeared, in more or less disguised form, in the previous literature [2, p. 175; 3; 5] . There seems to be a tendency to consider «-effectiveness as intuitively more appealing; on the other hand, there is evidence that /3-effectiveness may eventually turn out to be the more significant concept. 6 The present theory applies equally well to both notions.
Axiomatic treatment.
It is possible to define many of the basic notions of ^-person theory-domination, solution, core, etc.--in terms of effectiveness. Of course the objects we will get will usually depend on what kind of effectiveness we started with. Thus we will define the a-core and the /3-core, but for a given game they usually differ; similarly with a-solutions and ^-solutions, etc. Nevertheless, it is possible to prove a considerable number of general theorems which hold for either kind of effectiveness; the proofs of these theorems make use only of certain basic properties common to both kinds. The situation invites axiomatic treatment.
An n-person "characteristic function" is a set N with n members, together with a function v that carries each subset B of N into a subset v{B) of E
N so that (1) v(B) is convex; (2) v(B) is closed; (3)v(0)=E»;i (4) if x&(B) y yÇi.E N ,
and f or all iGB, y^Xi, then y&(B); and (5) if Bi and B% are disjoint, then v(BiVJB 2 )Z)v(Bi)r\v(B2). An n-person "game" is an n-person characteristic function (N, v) together with a convex compact polyhedral subset H of v(N).
An ^-person game as just defined actually represents more than a game in the usual sense; it is a game together with a concept of effectiveness. The set H is the set of all "feasible" or "attainable" payoff vectors, i.e. the set of all payoff vectors which can be attained by a joint strategy of N. v(B) represents the set of all payoff vectors for which B is effective. Conditions (1), (2) , and (3) are self-explanatory. Condition (4) says that if a coalition B is effective for a payoff vector x, then it is also effective for any payoff vector with smaller (or equal) payoffs to its members. Condition (5) is the natural generalization of super-additivity of the characteristic function in the classical theory. 8 In order to justify these definitions, it is necessary to show that an arbitrary finite game, when combined with the concept either of ce-effectiveness or of ^-effectiveness, satisfies our definition of a game. 9 For the most part this is straightforward; the only deep part occurs in verifying condition (5) in the case of ^-effectiveness, where use is made of Kakutani's fixed point theorem.
One of the chief advantages of the axiomatic approach is its flexibility: it can be used not only with the notions of effectiveness described in §1, which are based on the conservative approach that characterizes the classical theory, but also with many other notions of effectiveness. For example, we may prefer an effectiveness notion based on the ideas of ^-stability [2, pp. 163-168, 174-176, 220-236], 1 0 denotes the empty set. 8 Condition (5) is not needed for any of the results stated in this paper. It was included in order to underscore the parallelism with the classical theory, and with the hope that stronger axioms will eventually yield a richer theory. 9 Where v(B) and H have the meanings described in the previous paragraph.
Such notions can be constructed in a number of ways; the general idea would be that in order for a coalition B to be effective for a pair consisting of a payoff vector x and a coalition structure T, the coalition B must be attainable from the given coalition structure r, and no attainable combination of coalitions in N-B should be able to prevent B from obtaining its portion of the payoff vector x. Specifically, we would say that B is effective for (x, r) if JB£^(T) and there is a strategy for B such that for each partition (Bi, • • • , Bk) of N -B into members of ^(r), and each fe-tuple of strategies used by the Bjy each member i of B receives at least X{. A related but different notion can be obtained if we reverse the quantifiers. For fixed r these two notions of effectiveness satisfy all the axioms except (5), and therefore the results stated in this paper hold for them as well (cf. footnote 8).
Domination and solution. Fix an ^-person game G = (N f v, H). A payoff vector x is said to dominate a payoff vector y via B if x&{B)
and Xi>yi for all iÇiB; x is said to dominate y if there is a B such that x dominates y via B. If K is an arbitrary set of payoff vectors, we define dom K to be the set of all payoff vectors dominated by at least one member of K. If P is an arbitrary set of payoff vectors, then a subset K of P is said to be P-stable if i£P\dom K is empty and ZUdomXDP. The set P -dom P is called the P-core. A payoff vector x is said to majorize a payoff vector y if x dominates y and all z that dominate x also dominate y. All the lemmas and theorems of §1 of [4] concerning domination, P-stability, the P-core and majorization remain true in this context; the proofs go through essentially unchanged.
It is easy to show that for each i£iV, there is an extended real number 10 Vi such that v({i}) = {xÇzE N : Xi^Vi}. A payoff vector x is called individually rational if x^Vi for each i£iV. x is called group rational if there is no yÇzH such that yi>Xi for each i£iV. Let us denote by A the set of individually rational members of H, and by A the set of members of A that are also group rational. Then it can be proved that a subset of H is .A-stable if and only if it is A -stable. This justifies us in defining a solution of G to be an A -stable set. Incidentally, Theorem 1 is the only one of our results for which the assumption that the v(B) be convex (condition (1) The simplicity of this result is somewhat surprising, in view of the fact that the corresponding result in the classical theory is much more complicated. The complexity of the classical result is explained by the fact that it permits side payments between members of N\ and members of N 2y whereas no such intercourse can be possible in our framework; thus although the classical theory is a special case of our theory, the composition of two games in the classical sense yields a game which is in general not the composition of the games in our sense. All of our solutions appear in the classical theory, but the converse is not true. Our solutions are precisely those in which no "tribute" is paid by either group of players (cf. [l, §46.11.2, p. 401]).
5. The core.
THEOREM 3. The A-core and the A-core coincide. 13 A game is said to be zero-sum if H is contained in the plane X)»€iv #»• -0. 14 The question as to whether the theorem holds without this assumption remains open; certainly the proof does not go through.
15 X denotes cartesian product.
of the A -core with A. 79 §1 of [4] generalizes as before; however, we have not succeeded in obtaining a relation between the ,4-stable sets and the A -stable sets in extended games.
